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The object of this paper is to present a simple proof for the existence of primitive elenlen:s of 
trace equal 1, in GF(2”). 
The existence of primitive elements of trace equal to 1 in tiF(2”) c;dn he 
proven as a corollary of a theorem of Davenport [6, Theorem 27 of Ch. 41, yVhic 
was proved in [33). This theorem asserts that in GF(p”) there are primitive 
elements that generate a normal basis. Since thL proof of this theorem is rather 
involved and must deal separately with many special cases, l’v’lacWilliam!i and 
Sloane [6, Research problem 4. l] asked for a simple direct proof of the result ::Je 
present here. We have two sections: In Section 1 w’al present a proof of a special 
case of the result using only the properties of cyclotomic poiyromials (for a 
discussion of cyclotomic polynomials and properties see [l]). In Section 2 we 
present a full proof along the lines of [2,3]; where the method of proof goes back 
tc Vinogradov (see [5, p. 1781). 
In this section we present a proof of our result in a special case. 
Suppose that 2” - Z is square-free 
Then there is 2.82 odd numbly of irEe 
dqree m, whose roots are irr (2”), have tract? 
this rcumber is Xl. 
is work was supporte 
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We now denote CJJx) the cyclotomic polynomial, whose roots are exam tly l:he 
&ments of GF(2”) of order s. We kno-w that Q(X) is the producf of all 
polynomials like f(x) above. e also know that the degree of Q(x) is ~Ls), 
where b, is Euler’s function. 
If we knew that Q,(X) = x4(‘)+ x~‘(‘)-’ -t- l l l + 1 (and we wiI1 work rnocl2 from 
now on), then we can prove that the number of polynomials like f whose roots 
have order s and trace = 1 is odd, as follows: The second highest coefficient of any 
polynomial is minus the sum of all the roots, which equals the sum of the traces of 
a single element from each of the irreducible factors (counting multiplicity). To 
conclude the proof it is enough to prove that for every s as above the c/~(s I - 1 
coefficient is = 1. In order to see that we only need the following property of the 
cyclotomic polynomial: If v is prime and p # 1, then Q,(x) = Q(x”)/Q(x). But it 
Is easy to see that if the 4(l)- I coefficient in Q(x) is 1, then the c#@) - 1 
coefficient in Q(x) is 1. Smce from our assumptions the condition 11 Y 1 is alvays 
fulfilled for every pl 12”’ - 1 we can inductively conclude that Q,(x) has the stated 
property and this concludes the proof. 
We will ?ive now a proof for the general case. In order to ensure that 5 be a 
primitive root of GF(p”) we use the following condition due to Vinogradov (for a 
proof see [S, p. 1X3-80]): 5 is primitive in GF(p”) iff 
‘IIeie xs runs over the &(S) characters of GF(p”) which have the exact order S 
and CL is the MoebIz function. We will use this later for the case p = 2. 
The method of proof is fairly simple. Given a set E we want to prove that there 
is a primitive element in E. ,4ssume not and therefore: 
Now for 6 = 1, x6 is the unit character and we get 
g absolute value we have now 
,I for fl a 
uality. our case p = 2, and 
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is the set of elements in GF(2”‘)l with trace = 1. We are ready for the following 
lemma, where 
g(x) = c X(t)9Tr”’ 
t EGF(2”) 
is the Gaussian sum for the character x and 8 = erri = -1 (for a discussion of 
Gaussian sums see [4]). 
&EE x(T) = -4sw (Xf 1). 
. Let’s find instead t 
x(0 = 4g(xJ 
.f,CZE’ 
for E’ the set of elements wsth trace = 0. Since 
c x(5)+ c x(5) = 0 
tEE’ &TEE 
the result will follow. But 
C xb2+4=2 1 x(T)- 
aeGF(2”‘) CEE’ 
C x(a2+a)= 1 x(a)xfa + 1) = 1 x(aix(b) = J(x, x) 
a eGF(2”) aEGF(2”) a+b=l 
and this last is the Jacobi sum; and for xf 1 we know that 
J(x, x) = dxMxMx2) 
(see [4]). But in characteristic 2, 
g(x’) = c x2(t)p”’ := 
t E GF(2” i 
2 
m 
) x(1.2)~~Tr(*2’ = g(x). 
Therefore J(x., x) = g(x), and this proves the result. 
J) that Ig(x)J = JL 
Tr(ca, h2) 
xeGF(2” ’ 




ay ‘I / 
The rest now foilc;ws from the 
now. 
e GF;(Itm) contains a 
lemma. We are ready to prove our main result 
primitive element of trace 1. 
bstitute IEI = 2”-’ = &I and \zScE x6([)\ =$++& in our previous in- 
equality obtaining 
&S)\+n or ,,& lP@P~. ‘W - 1 
S>l 
But it is well known (see [4, p. 231) that 
x.vhere f is the number of different primes in the factorization of 2” - 1. e then 
have 2’ :* 2’ - 13 2m12 i.e. 1 I=- $I. Elut if PI, P:,, . . . , F, are the different primes in 
the factorization of 2” - I, the possible primes are 3,5,7, 11, . . . ; and clearly 
with exceptions that can be checked directly P1+$ - l *- l Pl > 5’ > 4’ = 22f ) 2” 
which is a contradiction. 
. GF(2”) contains a primitive element of trace = 0. 
* ‘The argument can! be repeated with E = .C. 
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